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Abstract 
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£NJ ' We consider a finite dimensional deterministic dynamical system with a global attractor A 

with a unique ergodic measure P concentrated on it, which is uniformly parametrized by the 
mean of the trajectories in a bounded set D containing A. We perturbe this dynamical system 
by a multiplicative heavy tailed Levy noise of small intensity e > and solve the asymptotic first 
exit time and location problem from a bounded domain D around the attractor A in the limit of 
i^h , e \ 0. In contrast to the case of Gaussian perturbations, the exit time has the asymptotically 

& ' algebraic exit rate as a function of s, just as in the case when A is a stable fixed point (see for 

instance [§1 HSl [H] ) • In the small noise limit, we determine the joint law of the first time and the 
exit location from D c . As an example, we study the first exit problem from a neighbourhood 
of a stable limit cycle for the Van der Pol oscillator perturbed by multiplicative a-stable Levy 
noise. 
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1 Introduction 



^ \ This article studies perturbations of finite dimensional dynamical systems by small multiplicative 



Levy noise with heavy-tailed large jumps with the focus on the exit behavior from a bounded 
neighborhood of those global attractor. The scenario we shall study is as follows. 

Let us consider a d-dimensional deterministic dynamical system u = f(u) on a positively in- 
variant bounded domain D. We assume that the dynamical system has a global attractor A in D 
and that uniformly over the initial conditions in D the time averages of the trajectories converge 
to a unique invariant measure P on A. The most prominent examples of systems satisfying these 
settings are dynamical systems with a stable fixed point A = {s} or a stable limit cycle A = O. 
Clearly, in this case the paths of the dymamical system never leave D. 

This situation changes significantly in the presence of a perturbation by noise, however small 
its intensity e > may be. In the generic situation, the perturbed solution always exits from D. 
However the growth rate of the exit time shows an asymptotic behavior that strongly depends of 
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the nature of the noise. Without any doubt, beginning with the pioneering works by Kramers 
[21| and Freidlin and Wentzell [30], the case of Gaussian perturbations has been studied quite 
exhaustingly in the realm of the large deviation theory. The literature on large deviation principles 
is enormous and representative examples for finite and infinite dimensional systems contain the 
works El HI [3 [HI [12] . where perturbed gradient dynamical systems were mainly considered. For 
the case of non-gradient and degenerate systems we refer to [21 [8], [13] . They all have in common 
that the first exit time rate grows in e with the order exp(V/e 2 ), in physics literature known as 
Kramer's law, where is V the minimal amount of energy needed for a Brownian path to steer the 
perturbed system from the attractor A to a point on the boundary dD. In other words, V depends 
only on the dynamical system outside the attractor. The dynamics on the attractor, where no 
energy is needed to travel, is irrelevant. 

The exit scenario changes fundamentally if the perturbation is a Levy process, with power 
tailed (heavy tailed) large jumps. In this case, the large jumps determine the exit behavior: It is 
possible to perform a time scales separation of big jumps from the small jumps and the Gaussian 
component such that on the new time scale the system's small noise behavior becomes essentially 
one of a deterministic system perturbed by large jumps. Using this approach, the gradient case 
or the case with point attractors in finite and infinite dimensional systems has been treated in 
[9j [HI [TBI [HI [24] • Since the deterministic system converges to the stable state fast enough in 
comparison to the occurence rate of large jumps, the exit occurs when a system jumps from a 
vicinity of s. The resulting exit rate turns out to be of a power order with respect to 1/e, and the 
asymptotic exit location in D c is given by the probability distribution of large jump increments 
conditioned to D c — s. This is radically different from the case of Gaussian perturbations, where 
the exit occurs only on the boundary of D due to the continuity of the paths. 

In the present paper, we generalize these results to the case where the global attractor A in 
D is not necessarily a stable point. Once again the essential exit behavior is determined by the 
deterministic system perturbed by large jumps. However we face the problem that — opposite to the 
case of gradient systems — the convergence of the deterministic trajectory to a hyperbolic attractor 
as a set does not imply the convergence towards a trajectory on the attractor. Instead, what replaces 
the deterministic control of the trajectory is its ergodic behavior, that is its "occupation statistics" 
of its time-average on the attractor. In this sense the exit event will be asymptotically triggered 
by the large jumps starting on A under the invariant measure P. The exit rate is again of a power 
order in 1/e, but the precise prefactor depends now on the large jump distribution and the ergodic 
measure P concentrated on A. The distribution of the exit location is hence given by the probability 
distribution for large jumps conditioned to D — v, where v is averaged over P on A. Therefore 
contrary to the aforementioned Gaussian case, the deterministic dynamics on the attractor turns 
out to be crucial for the asymptotics of the exit times. 

We can make this intuition rigorous for a very general class of additive and multiplicative Levy 
noises with a regularly varying Levy measure of index —a, a > 0. In particular, our main result 
covers perturbations in ltd and Stratonovich, as well as in the canonical (Marcus) integrals sense, 
where jumps in general do not occur along straight lines, but follow the flow of a vector field which 
determines the multiplicative noise. 

Limit cycles attractors perturbed by Gaussian noise are considered in the physics and other 
natural sciences literature since quite some time [10J [151 EH E21 [231 EZ] • As an application of our 
main result we work out the example of the Van der Pol oscillator perturbed by multiplicative 
a-stable noise. 

It has been well-known for a long time, that the first exit time and location problem for general 
Markov processes can be stated in terms a Poisson and Dirichlet problem of the generator of this 
process, consult for instance [31] - However, the generators of the jump part in the case of Levy 
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processes are non-local integro-differential operators, for which these problems are hard to solve, 
in particular in the case of the canonical Marcus noise. The advantage of our approach is among 
others the insensitivity to the boundary regularity of D and the intuitive simplicity of the result. 



2 Object of study and main result 

2.1 Deterministic dynamics 

Consider a bounded domain D C R , d ^ 1 with piecewise C 1 -smooth boundary and a vector 
field / G C 2 (D,W d ), which points uniformly inward at the boundary. We are interested in the 
c?-dimensional dynamical system given as the solution map (t, x) \— > u(t;x), t ^ 0, x G D of the 
autonomous ordinary differential equation 

u = /(«), «(0) = x. (1) 

We further assume that the unique solution exists for all x G D and t > 0. Further we assume that 
the dynamical system defined by ([1]) has a global attractor A in D. 

Remark 2.1 Since by definition the global attractor attracts bounded sets in D, see for instance 
129\/ . there exists a positively invariant set I with idcD such that dist(<9L>, dX) > for which 
there is a time S > such that for all x G D and t^S 

u(t;x)€X. (2) 



(D.l) Let there exist a unique invariant probability measure P on *B(]R rf ) with supp(P) = A such 
that all non-negative, measurable and bounded functions tp : M. d — >• R satisfy 

lim sup - / (p(u(s;x))ds= [ ip(v)P(dv). (3) 
t^-^xeD t J Q J a 

Definition 2.1 For 5 > we define the reduced domain of attraction 

D S :=D\B s {dD). 

Remark 2.2 Due to the assumption on the uniform inward pointing of f at dD, there is 5q G (0, 1) 
such that for all 5 G (0, do] 

u(t,D 5 )cD 5 forallt^O. 



2.2 The probabilistic perturbation 

On a filtered probability space (Q, J 7 , P, (J r t)t^o), satisfying the usual hypothesis in the sense 
of [25] . we consider a Levy process Z = {Zt)t^Q with values in R m , m ^ 1 and the following 
characteristic function 

Be i{u ' Zl) = exp ( - ^ AU ^ U ' + i{b, u) + J {e i{u ' z) - 1 - i{u, z)l(\\z\\ > l)i/(dz)) , u G R m . (4) 

Let us denote by N(dt, dz) the associated Poisson random measure with the intensity measure 
dt <8> v{dz) and the compensated Poisson random measure N(dt,dz) = N{dt,dz) — dtu{dz). Con- 
sequently, by the Levy-Ito theorem pQ the Levy process Z given above has the following almost 
surely pathwise additive decomposition 

Z t = bt + A^B t + / zN{ds,dz)+ / zN(ds,dz), t^O, (5) 

J(0,t] J0<\\z\\<l J(0,t] J\\z\\^l 
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with B = (Bt)t^o a standard Brownian motion in R m . Furthermore, the random summands in ([5]) 
are independent. For further details on Levy processes we refer to [I] and [28] , 

(S.l) The Levy measure v of the process Z is regularly varying at oo with index —a. Let 
h: (0, oo) — > (0, oo) denote its tail, 

h{r) := f v{dy). (6) 
J ||y||>^ 

Then there exist a > and a non-trivial self-similar Radon measure /x on ]R m \{0} such that 
fi(R ni \R m ) = and for any a > and any Borel set A bounded away from the origin, ^ A with 
fJ-(dA) = 0, the following limit holds true: 

/ a\ ^ ' v(raA) 1 v(rA) 1 
/i(aA) = hm , . / = — hm , - / = — u(A). (7) 

In particular, following [3] there exists a positive function I slowly varying at infinity such that 

H r ) = — Irr, for a H r > 0. 

v > r oL^ r y 

The selfsimilarity property of the limit measure \x implies that \i assigns no mass to spheres centred 
at the origin of W n and has no atoms. For more information on multivariate heavy tails and regular 
variation we refer the reader to Hult and Lindskog [T7j and Resnick |26J . 



(S.2) Consider continuous maps G G C(R d x M m ,lR d ) and F, H : R d -4 R d and fix the notation 

a(x, y) := F{x)F{y) T for x, y G R d . 
We assume that there exists L > such that /, G, i7 and F satisfy the following properties. 

1. Local Lipschitz conditions: For all x,y G D 

\\f(x) - f(y)\\ 2 + \\a(x,x) - 2a(x,y) + o(y,y)|| + \\H(x) - H(y)\\ 2 

+ \\F(x) - F(y)\\ 2 + f \\G(x,w)-G(y,w)\\ 2 is(dw) 

2. Local boundedness: For all x G D 



< L 2 \\x - y\\ 2 . 



\\f{x)\\ 2 + \\a(x,x)\\ + \\H{x)\\ 2 + \\F(x)\\ 2 + / \\G(x,w)\\ 2 u(dw) < + \\x\\ 2 ). 

JBi 

3. Large jump coefficient: For all x, y G D and u> G M m 

||G(x,^)-G(y,u;)KL e L (ll-ll AL )||x-y||. 

4. Local bound for G in small balls: There exists 8' > such that for u) G £>5' (0) 

sup ||G(«,w)|| <L. 
v€B s ,(A) 
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Proposition 2.1 Let the assumptions (D.l) and (S.l-2) be fulfilled. Then for e 6 (0,1) and 
x € D the stochastic differential equation 

X! jX = x + f f(XI >x )ds + e f H(X £ s>x )b ds + e [ F(X £ S)X )d(A^B s ) 
Jo Jo Jo 

+ 11 G(X £ s _ yX ,ez)N(ds,dz) + [ [ G(X £ s _^ x ,£z)N(ds,dz). (8) 

JO J\\z\\^l JO J\\z\\>l 

has a unique local strong solution process {X^ AT x )t^o with cadlag paths in M. d and defines a strong 
Markov process with respect to (J-t)t^o> where T = T x (e) is the first exit time 

T x (e) := inf{t ^ 0: X^ x £ D}, e > 0,x € D. 

The proof can be found for instance stated as Theorem 6.23 in pQ on page 367. 
The multiplicative perturbations in the sense of Ito, Fisk-Stratonovich or Marcus are of a special 
interest for applications. Assume that Z is a pure jump process with A = 0, 6 = 0. For a globally 
Lipschitz continuous function M. d — > R dxm consider the Ito and canonical SDEs 

X t = x+ f f(X s )dt + e I <£>(X s _)dZ s , (9) 
Jo Jo 



Xf = x+ f f(Xt)dt + e f o dZ s . 

Jo Jo 



(10) 



Then the Ito SDE <^ is obtained from © with 

G(x, z) := x - <&(x)z 

and the Marcus SDE ([10]) with 



G(x,z) := ip z (x), 

where (f z {x) = y(l;x) is the solution of the ordinary differential equation 

y(s) = $(y(s))z, y(0)=x, se[0,l]- 
If L is the Lipschitz constant of the matrix function $ then the Gronwall lemma implies that 
\\G(x,z)-G{y,z)\\ ^ Le LM \\x-y\\ Vx, y € D, z G E m . 

2.3 The main result 

For x eR d ,U £ <B(M d ) with x £ U we denote the set of increments z € M. m which send x into U 
by 

E u {x) := {z € M m : x + G(x,z) G U}. (11) 
We define the following measure assigning for U G 23(K rf ) 

Q(U) := / »(E u (y)) P(dy). 
J A 
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Remark 2.3 Clearly for 



equation ^ implies 



E D \y) 



l ^ jP(dy) and h £ -=h^-), e G (0, 1) 



lim h- = Q(D C ). 

s^o+ h F 



Theorem 2.1 Let Hypotheses (D.l) and (S.l-2) be fulfilled and suppose that Q(dD) = and 
Q{D C ) > 0. Then for any 7 G (0, §) any 9 > and U € <B(IR d ) sitcft tftai Q(dU) = i/te /irsi exit 
time T y (e) satisfies 



lim sup 



E 



-0Q(D c )h e 1 y (e)-i r ye 



1 Q([/nL> c ) 



1 + Q(£> c 



Corollary 2.1 Under the assumptions of Theorem \2. 1\ follows 

Q(D c )h £ T x (e) A EXP(l), 



Q(UDD) 



Q(D) 

where the convergence is uniform over all initial values x G D £ ~< . 

2.4 Example: Van der Pol oscillator perturbed by a-stable Levy noise 

As a simple but illustrative application of Theorem l2.il we determine the law of the first exit time of 
a Van der Pol oscillator perturbed by small Ito-multiplicative a-stable Levy noise. More precisely, 
let Z be a bivariate Levy process with the characteristic function 



E 



-tc(a)\\u\\ 



a G (0,2), u G M 2 , c(a) - 



2 a T(l + f) 



and a Levy triplet (0, v, 0), where 



Clearly, v is a regularly varying measure of index —a with the limit measure \x = v and a scaling 
function 

ut \ f d y 27r 1 

h(r) - 



y \\>r \\y\\ 2+a « rC 



Consider a Van der Pol oscillator for u = (u\, U2) and / = /b) 

u = /(«), 



/i(ui,u 2 ) =Ul, 
/ 2 (mi,m 2 ) = -ui + (1 - u\)u2. 



which has an unstable stationary solution u = and a unique periodic solution u° = (uf (i), ^2(*))te[o,T o 
of period T° > irrespective of initial values which we can omit since all quantities involved will 
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Figure 1: a) A typical exit path of a Van der Pol oscillator perturbed by 1.9-stable Levy noise; b) 
the domains G Q (D C — u°(t)) in the space of noise jumps for two different values of t € [0, T°]. 



not depend on them. It is well known that the set A = {(ul(t), «2(*))te[0,T°]} C K 2 is an ex- 
ponentially orbitally stable limit cycle. In particular for any bounded and measurable function 
ip :M. d ^ (0, oo) > 0, any initial point x / 0, we have 



It* 1 rT 



ip(u(s,x))ds -> — / ip(u°(s))ds= / <p(v)P(dv), 
1 JO 1 JO J A 

where P(B) = — f l B (u°(s))ds, for B € *B(IR 2 ), 
T ° Jo 

and this convergence is uniform over all x G D bounded away from the origin. Consider now a Van 
der Pol oscillator perturbed by multiplicative Ito noise 

dXf = f(Xf)dt + eG{X e t )dZ t 

where (21,2:2) ^ G{x\,X2) is a 2 x 2 matrix valued function satisfying Hypotheses (S.l) and (S.2) 
of Section 2. Let D be an open bounded invariant domain of attraction containing the limit cycle 
A with dist(.A, 3D) > 0, see Fig. Q] Let 



G t = G{ul{t),u° 2 {t)) and G 



'Gt\ detG t ^0, 
0, otherwise. 



For any S > we can choose a small neighbourhood -6,5(0) of the unstable fixed point of the 
Van der Pol oscillator, such that the domain = D\Bs(0) and / satisfy Hypothesis (D.l). Let 
x G . Denote by (e) the first exit time from the domain . We are now in the state to 
apply Theorem 12.11 and find that 

e a ^r [ T \ [ +[ T ^——]d8-T^(e)^EXP(l), e -»■ 0. 

«Wn lJ G e DC J G e B ^ (0) y-u° (s )P+ a 1 
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Taking into account that fg^ dy — > as 5 — > we finally obtain the limiting law for T y (e) such 
that 

e a (^r f T f - ^——ds)-T^(e)AEXP(l), e 0, 

\<xT°J J G e DC \\ y - u o( s )\\2+ a ) x \ ) \ h 

with the convergence uniformly over all x € D \ B ^ (dD x ) with D x = D \ {0}. 

3 Small jumps dynamics 

The aim of this section is to determine the precise asymptotics of (X^ x ) t ^ ^ for the first large 
jump times T\. This will be accomplished in Proposition 13. 1\ which tell us that for times t € [0, Ti) 
the deterministic dynamics and its ergodicity property dominates, and at t = T\ there occurs a 
single large jump. We assume Hypotheses (D.l) and (S.l-2) to be satisfied in the sequel. 

3.1 Asymptotics until the first large jump 

Let p = p E , e 6 (0, 1], be a positive sequence, which is monotonically increasing to infinity, p £ /* oo 
as e \ and denote by 

Consider the following e-dependent Levy-Ito decomposition Z t := £f + r/f for all t ^ 0, e € (0, 1), 



rf t := / / zN(ds,dz), 

H ■= Z t - rf t =b £ t + A^B t + f f zN{ds, dz), (12) 

J(0,t] J0<||2||^p £ 



b £ :=b + E[[ [ yN(ds,dz)]=b+ [ 

J (0,1] J{l<\\yHp E } Jl 



zv{dz) 

<IMI^p £ 



The compound Poisson process rf here is characterised by a family of i.i.d. waiting times (rf)jgN 
with rf ~ EXP(/3 £ ), the renewal times 

i 

k=l 

and an family of i.i.d. large jumps (Wf)i^, also independent of (rf with Wf ~ v e , where 

DBS.) 

*<■> - V ■ (13) 

The process £ e is a Levy process with jumps bounded from above by p E and hence has all finite 
moments. 

3.2 Control of the small jump noise 

In this subsection we show that the probabilities of deviations of bounded integrals driven by the 
small noise e£ £ defined in (S.2) decay exponentially. 
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Lemma 3.1 Let (<5 £ ) eg (o,i] be a monotone sequence with 5 e \, as e \ satisfying in addition 



P 

Km eV- = 0. 



T/ien /or am/ C > there is £q £ (0, 1) such that for all e € (0, £o] 

^ C. 



e IIM 



(14) 



(15) 



Proof: In order to prove ([To]) we center the process £, £j := £t — b £ t, such that is a Levy 
martingale with jumps bounded from above by /9 £ . Since ||6 e || ^ ||6|| + || 



yz/(tfyj | we 



obtain by Jensen's inequality and the regular variation of the function h defined by ([6]) that 



yv{dy) 



i< ||^||^p e 



1<||^||<P £ 



yfv{dy) = - I r'h(dr) ^ (p £ ) 2 h(l) 



such that ||o £ || ^ ||o|| + ^h(l)p e , which gives the desired result with the help of ()14j) . 
Lemma 3.2 Let (<5 e ) ee ( ,i] be a monotone sequence with 5 e \ as e \ and p ^ 1 satisfying 



£ j ™+ ( y(p+l)/2 



0. 



(16) 



Then for all T > and C > i/jere is Eq € (0, 1) such that for all e € (0,£q] 



P([^] r e > C%) < e 



Proof: The discontinuous part of the quadratic variation process [sC]t = [e£]j — trace(^4)e 2 t is a 
Levy subordinator and has the representation 



s <t J (°A Jo 



(0,t] V0<||z||s£p e 



\z\\ 2 N(dz,ds) i ) a.s. 



Since the jumps of by construction are bounded by (ep £ ) 2 ^ 1, its Laplace transform is 
well-defined for all A G M and t > 



E 



Aei}t} 



0<\\y\\^p E 



l)v{dy)) 



exp [t 

exp(-t / (e Ve ^ - l)h{dr)). 



For any A > the exponential Chebyshev inequality yields 

F{[e£& > C5 P ) ^ F(e x ^T > e A ^) ^ e - xc5 *E[e x ^T} 



exp ( - XC8 P £ -T f (e A2£2r2 - l)h(dr)) . 



We continue with the help of e s — 1 ^ 2s for small s. Replacing A by 5 e ^ p+1 ^ we ensure the smallness 
of the argument noting that by (jT6l) sup 0<rs ; e e r 2 /5 p+1 (ep £ ) 2 /5 p+1 -> for e -> 0+. We obtain 



T 



(e 



l)h(dr)\ 
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< \2Te 2 /5P +1 ( f + [ )r 2 h(dr)\ 

^2Te 2 /5P +1 \ [ r 2 h(dr)\+2T{ep £ ) 2 /S p £ +1 \ f h(dr)\ 

< cT(ep £ ) 2 /S p+1 . 

Therefore by (fT6|) there is eo € (0, 1) such that e € (0, £o] implies the final result 

Pfle&r > C5 P £ ) < exp ( - C5' 1 + trace(A)e 2 T + cT{ep £ f /8 P+1 ) ^ exp ( - CSJ 1 + l). 

■ 

In the following lemma we estimate the deviation of the stochastic integral with respect to the 
(local) martingale part £ £ of the small jumps noise process £ e 

Q = A l ' 2 B t +f yN(t,dy). 
Jo<\\yHp £ 

Lemma 3.3 Let (gt)t^o be an adapted, cddldg process with bounded values by C g in ]R m ® (i for a 
suitable matrix norm. For all T > and functions 5 £ and p e satisfying M6\) for p = 4 there is 
£o € (0, 1) and a constant Co > such that for e € (0, eo] 

d m ,.i 

P( sup e V | V / s£df J '(a)| > <5 £ ) < expC-Co^ 1 + ln(6d)). 
se[o,T] i=1 J=1 Jo 

Proof: Suppose maxj j sup 4 ^ \9t I ^ Cg almost surely. We consider the each component of the 
d-dimensional martingale 

m 

3=1 J ° 

By construction || A 4 M|| ^ mdC g p e =: Cp £ almost surely. We estimate the probability of a deviation 
of size 8 £ from zero conditioned on small quadratic variation 

P( sup \\eM s \\ > S £ ) sC P( sup \\eM s \\ > 5 £ \ [eM] T sC 5 A £ ) + P([eM] T > 5 4 £ ). (17) 
se[o,T] se[o,T] 

Step 1: We estimate the first term of inequality (|17p . Following the lines of the proofs of 
Lemma 26.19 and Theorem 26.17 part (i) in [5U] we find the following estimate. For any A > 

P( sup eM\ > S £ | [eM] T «S <£) < exp ( - X5 £ + \ 2 T{\C g ep e )5f) , 

se[o,T] 

where T : (0, oo) — > (0, oo), T(x) = — (x + ln(l — x) + )x~ 2 . Replacing A by A e = 5~ 2 and keeping in 
mind that \\m £ ^Q + T {\C g ep £ ) = \ yields 

P( sup eM\ > 5 £ | [eM] T < 5*) < exp I — o £ J. 

se[o,T] 

For the infimum of the negative analogue holds the respective estimate, which provides for each i 
for X £ = d5~ 2 instead 

P( sup \eMl\ > -j | [eM] T sC <f|) < exp ( - + ln(2)), 
se[o,T] « 
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where the right-hand side does not depend on i, such that eventually 



sup ||eM s || > 5 £ | [eM] T < C 



se[o,T] 

d 

<W sup \eMi\ > — | \eM] t < 5. 



S £[0,T] "1 ' 



< exp ( - S' 1 +ln(2d)). 

Step 2: We treat the second term in inequality (fTT|) . The boundedness assumption of 5 yields 



eM] t = f \\g*_g,-\?d[eA*B] a + f ||<? S *_<7 S -|| 2 l d[si] d s ^ C 2 (e 2 trace(A)t + [e£]*), t > 0. 



Hence 

P([ £ M] T ^ 5 4 ) < P(C 2 [e^ > \%) + P(C 2 trace(A) £ 2 T ^ ^ e 4 ). 

The second term vanishes by (|16|) . which implies e 2 < 5 4 for small e G (0, 1). The first term is 
treated as in Lemma 13.21 Eventually 

P([eM} T > 5 4 e ) < P([e|]f > < exp(-^ + 1). 

Combining Step 1 and 2 yields a constant Eq G (0, 1) such that for all e € (0, £0] 

P( sup ||eM„|| > S e ) < exp(-min(l, — ^tf" 1 + ln(2de)). 
se[o,T] ^ 

This finishes the proof. ■ 
3.3 Localization of V s close to u up to a fixed time 

Let V s be the solution of equation 0, where the driving noise Z is replaced by the e-dependent 
small jumps part £ e of Z as definied in (|12p . The first large jump time T\ > is exponentially 
distributed by with intensity /3 e \ as e \ 0. By definition then 

1^ = *,% fort €[0,11). 

In order to study the Auctions of Xf x for t < T\ we introduce 

T*(e) := inf{i > | V t % £ D}. 

Lemma 3.4 (Non-exit up to fixed times) For any T ^ there is Eo G (0, 1) such that for all 
£ G (0, £0] an d o~e satisfying A16\) there 

sup P(T*(e) ^ T) SC exp(-5~ 1 + 2 + ln(d)). 

Proof: By Remark 12.21 for any sufficiently small 5 e and x G .D^ follows 

dist(u{t;x),dD) ^ S £ Vi ^ 0. 



11 



Since T*(e) denotes the exit from D, we infer 

{T*( £ ) ^T} = {T*( £ ) <T}n{ sup \\V t , x -u(t;x)\\>6 e }. 

t€[0,TJ(e)] 

We lighten notatoin V = y e , T* = T^(e) etc. Then for t ^ T follows by definition 

VtAT*,*-u(tATV) 

rtAT* rtAT* rtAT* 

= f(V s>x )- f(u(s;x))ds + e H(V s , x )b £ ds + e F(y s<x )dA*B a 

Jo Jo Jo 

rtAT* r 

+ / / G(V s - )X ,ez)N(ds, dz). (18) 

Jo Jo<\\z\\^p s 
We fix the constant 

C D := sup max{L, \\f(v)\\, \\H(v)\\, \\F(v)\\, \\G(v,w)\\}. (19) 
weBi 

The global Lipschitz property of / on D and the standard integral version of Gronwall's lemma 
yield 

sup sup \\V t , x - u(t; x)\\ 
x&Ds E te[0,TAT* x ] 

rt rt 

^e° DT sup sup \\e H(V a>x )b e ds + e F(V s , x )dA^B s 

x€D Se te[0,TAT x ] Jo Jo 

+ f f G(V.-, x ,ez)N(da,dz)\\. (20) 

Jo Jo<\\z\\^p e 

The representation (|18p has the (local) martingale part 

rt , rt 

'0 J0<\\z\\^pc 

The previous lemma yields for i-th component M\ x and any A > 



M t)X :=e [ F(V s , x )d(A^B s ) + [ [ G{V s ., x ,ez)N(ds,dz). (21) 

Jo Jo J0<l|z||^p e 



sup P(T*(e) < T) 
xeD Se 

= sup P(T*(e) < T, sup \\V t>x - u(t;x)\\ > 8 £ ) 

xeD Se te[0,TAT*] 

ft x 
< sup P(T*( £ ) < T, sup e c » T e\\ / H (V s , x )b £ ds\\ > -Z) 
ieflj £ te[o,TAT*] Jo 2 

+ sup P(T*(e) < T, sup e^M^H > -Z | [ef] T < 5 A £ ) 

xeD Se te[0,TAT*} 2 

+ P([ £ £] T ><5 £ 4 ) 
< n4be\\e CDT TC D > |) + P([ef] T > & 

+ £ sup P( sup M\ x > ^ | H] T < 5 4 ) + sup P( sup < | [e£] T < <5 4 ) 

i=i te[o,TAT*] ^« xeD 2 i E <g[o,tat*] /c[ 
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< exp(-«5 £ " 1 + 1) + 2dexp ( - A^ + X 2 T(C D X)5 2 £ ) . (22) 

The vanshing of the formal first term in the third to last line is the direct consequence of Lemma [3.1i 
We note that the last inequality is valid for any local martingale with jumps bounded from above 
by Cd- This is satisfied since by (fl~4"j) lim e _;.o+ ep e = and for x € D and s € [0, T*] 

||A a V^|| < sup \\G(v,w)\\^C D , 

v£B D 

where the last inequality stems from (S.2) part 4. We may now replace in inequality f)22|) A by 
2d/5 2 and exploit that lim r _ >00 T(r) = ^. This yields the desired estimate and finishes the proof. 
■ 

Corollary 3.1 (Localization up to a fixed time T) For allT > there is eo £ (0, 1) such that 
for all e € (0, eo] an d $e satisfying [TS\) follows 

sup P( sup IJV^a- -u(s;x)\\ > S £ ) ^ exp(-J7 1 + 3 + ln(d)). 
x&d Se se[0,T] 

Proof: On the event {T* > T} we repeat (HHJ), ((20j) and ([22]) replacing t A T* by t € [0, T]. This 
directly yields the desired result. ■ 

3.4 Localization and ergodicity of V e 

Lemma 3.5 (Non-exit) For functions p e , 5 e and (3 e satisfing the relation $16\) there exist con- 
stants C > and eo £ (0, 1) such that for all e G (0,eo] 

sup P(3 t G [0,Ti] : V t % £ D) < 

Proof: Due to the independence of T\ and V e we calculate 

t € [O.Tx] : V£ £ D) < P(3 i G [0, J-] : V£ $ D) +F(T 1 > J-) 

PA p £ d £ 

P(Ti > — ) = e^ 1 0. 

Recall by Remark 12. II that t ^ S and imply u(t;x) € Z. Hence 

1 /-(/M,)- 1 
P(3 t G [0, — ] :Vl x iD)= f3 e e-^ s F(3 t e [0, a ] : £ £>)d S 

Pe^e Jo 



By construction 



< E / &e"^P(3 i G [0, s] : i D)ds 

fr[ J(k-i)s 

< P(3te[0,fc«S]: v&tDy 

k=i 



We denote by 

£ x (e) := { sup ||Vt,a, -u(i;z)|| ^ 5 £ }. 

*6[0,T] 
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For the case k = 1, x € D$ s Corollary 13,11 yields 

) s£ P 

te[o,S] 



T* G [0,5]) = P(3 t G [0,5] : FA £ D) < P( sup - n(t;x)|| > <5 £ ) < Ce"^. 



Furthermore, Remark 1 2 . 1 1 states that 

Vs,x = VS,x - u(S; x) + u(S; x) G B 5e (0) + X C D 25£ . 
Exploiting the Markov property at time 5 we obtain 
¥(T x e((k-l)S,kS]) 

= P({V t G [0, (k - 1)5] : V t % £D }n{3te[(k- 1)5, fe5] : V t % $ D}) 

= P({Vt G [0, (k - 1)5] : V t % €D}n {3t G [(k - 1)5, fcS] : V t % £ D] n £*) + 
sC sup P(T*(e) G [(fc - 2)5, (k - 1)5]) + C7e - * r \ 

Therefore a recursive argument leads to 

P(T* G ((jfc - 1)5, kS]) < kCe~ 57 \ 
Finally summing up we obtain the desired result 

1 , ,~ r( ^ )_11 ,„ Ce~^ 



P(3 i G [0, — ] : ^ g D) < ^ fcCe" 5 " < 



■ 

The proof further yields directly that at the time of the first large jump T\ the small noise solution 
V £ is not far from I. 

Corollary 3.2 Let the assumptions of Lemma \3. 51 be fulfilled. Then for all k > there is Eq G (0, 1) 
such that for e G (0, Eq] 

^IW, e W)<g. (23) 

We can now state and prove the main result of this section concerning the behavior of X^ QTi y 

Proposition 3.1 (Ergodicity including the first large jump) Let the functions p e ,5 £ , f3 e sat- 
isfy [To]) for p = 4 and 

lim —— = 0. (24) 

e^0+((3 £ 5 £ ) 2 

Consider a set U G 23 (M d ) such that 

1 /"* 

lim sup- / ii(E? u (u(s;x)))ds = 0. (25) 



Further, we consider a family U £ G 23 (M) suc/i i/iai /or all k > there exists Eq G (0, 1) satisfying 
for e G (0, e ] that U e AU C B K {dU). Then 



lim sup E 



e- TlX °l{V£ lX + G(V£ x ,eW) G U £ }] - [ F(v + G(v, eW) G U)P{dv) I = 0. (26) 
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Proof: Let 6 G (0, 1). Then by Hypothesis (D.2) there is T = Te > such that for alH ^ T 



supd/ ip(u(s;x))ds- f ip(v)P(dv)\^^-. (27) 

x6fl 'JO J.4 Z 



In addition, we choose T > S. Furthermore there exists k > such that 

r-T 



supi/ /x(£; B ^)K S ;x)))^<^ 



Once again we lighten notation V = V s . Due to the independence of T± and V we may continue 
for x G 

E[ e - TlA8 l{y Tl)a; + G(F Tl):E ,eW) G *7 £ }] 

^ E[ e - TlA n{y Tl>:c + G(V Tl , x ,eW) G C/ £ }] 
00 r(k+i)T 

< VE / /3 £ e-^ +A ^ s l{y Si:l , + G^eW) G [7 £ }ds]. 



fe=0 

We define 

and calculate 
■(fc+i)T 



^c(e) = { sup ||Vt )a! -it(i;z)|| ^ 4} 
te[o,T] 



E[ / /3 £ e-( ft+A ^ s l{y Sia; + G(V StX ,eW) G C/ £ }ds] 

JfcT 

r(k+i)T 

< /3 £ e-^ +A ^ fcT E[ / 1{^ )X + G(F s>a; , e W) G C/ £ }ds] 

< T/3 e e-^ +A ^ fcr (E[i / +1 l{K )iB + G(V s , x ,eW) G C/ £ }l(^)ds] + sup F(£ c x )) 

I JkT x£D Se 

= T/3 e e-^ +A ^ fcr (E[E[- / 1^ + G(VL, x ,eW0 G C/ £ }l(^)ds | T T \] + sup 1 

' JkT j;£D jE 

< Tp £ e-^ +x ^ kT ( sup E[- / l{14,a; + G(V s , x ,eW) G t7 e }] + sup P(££)). (28) 

yeB*AD / J(k-1)T x£D. 



A recursive argument yields 
»(fc+l)T 



E[ / /^e-^+^l^ + G(V a , x , eW) G 

JkT 

1 /" T 

< T/3 £ e- (/3£+Ae)fcr ( sup - / F(V a ,y + G(V s . y ,eW) G C/ £ )ds 
yeo^ / Jo 



+ (k + 1) sup P(£=)) = J. 



We choose £o G (0, 1) small enough such that e G (0, £o] implies 

(U £ AU) + B (1+LeL 2 )5e (0) C B K (dU). 



;)) 
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Hence we may continue 

J < T/3 £ e-^+ A ^ r ( sup (1 / T p(n( S ;y) + G( U (s; y), eW) G £/ £ + # (1+Le ^u )<fo 

+ (k + l) expi-S- 1 + 3 + In(d))). 

The first summand in the brackets satisfies due to the regular variation of u, the measure continuity 
and conditions (l25l) and (l27l) 



i /- r i /i 



/ P(u(s; x) + G(u(s; x),eW) G £ K (t/ e )) A C/)ds 
^{l + 6)^j\ (e b « ^ (u(s; xj) ds < (1 + e) °-. 



Hence 



sup (i / P(u(a; y) + G(u{s- y),eW) G B K (U e ))ds 

y&D Se I Jo 

<(i + e)± J\(e u ( u {s- x))) ds + (i + e) 9 -^ 



± j\(E u {u{s;x)))d S < (1 + 0) J^(E u {v))P{dv). 



We eventually obtain 
Summing up over /c we end up with an £q G (0, 1) such that for e G (0, £o] 

J < C 1 + g ) 2 ir^r (//(^^) p W + C 1 + + (1 _ fV)2 ex p(-^ _1 + 3 + ln W) 



/x(£»)P(d«) + - 
This closes the proof. 



4 Proof of the Theorem 12.11 

In this section we exploit the results on (Xf x )te[0,T 1 ] an d the strong Markov property to pass from 
[0, T\] to [Tfc_i,Tfc] in order to determine the first exit scenario of {Xf x ) t ^o. The main step consists 
in the upper bound of the Laplace transform. 

4.1 The upper bound 

Proposition 4.1 Assume Hypotheses (D.l) and (S.l-2) to be satisfied. We choose 5 e = e" 1 for 
7 > and p £ = e~ p for p G (0, 1) such that conditions $16\) for p = 4 and \2J$ are satisfied. 
Furthermore we assume that 

p(E dD (y))P(dy) = and [ p{E° c (y))P(dy) > 0. (29) 
A J A 
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Then for all 9 > and U G 33(R d ) such that 



n(E du (y))P(dy) = 



(30) 



and C G (0, 1) there is 8q G (0, 1) suc/i i/iai /or e G (0, £q] first exit time T y = T y (e) satisfies 



sup E 



+ 6 Q{D< 



Proof: We start by lightening the notation. Whenever we consider the first jump i = 1 we omit 
the index. Hence we write T = T\ = Tf, W = W\ = Wf etc. Define := T{ — Tj_i. All processes 
will loose their e index. For convenience we abreviate Q = Q(D C ). We define the following events 
for y G D$ £ and s, t ^ by 



B 



H,s,y 
t,s,y 



{X r ,. o 9 s {y) G D for all r G [0,t]}, 
{X ry o s (y) G D for all r G [0,f),X t ,. ° 0«(l/) t D} 
{X tr o6 s (y)eU}. 



Ot,s,y{U) 

For x G -D<5 £ and with the convention To = we denote the trivial disjoint repartition 

oo 

{T x < oo} = (J {T a . G (r fc _i, T fc )} U {T a . = T fc }. 



Furthermore consider for k > 1 and 



fc=i 



fc-l 



{t^ = r fc } = p a^t^,*^^ n B TkiTk _ u x Tk _ 1>x 

and analoguously 

{T x G (T fe _i,r fe )} = P| A n:Ti _ uXTi _ i x n {V t fc o ^(x) i D for some t G (0,7*)}. 
Therefore we may calculate 

1 !' : - = T k } = II l(^,T,. 1 ^ l!l )l(fi 1 - b r t ,,i Tfc _ 1 , I 



fc-i 



i=l 



fc-l 



i=l 



for k = 1 



and for A; > 2 



1^ G (0,Ti)} = l({^ ia . i D for some i G (0,71)} 



fc-l 



1{T X G (T fc _ l5 T fe )} = l(>l ri)Ti _ 1)XTi _ i? Jl({y t fe o ^^(x) g Z\ for some t G (0,7*)}). 



i=l 
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We choose k £ := [^-]- Hence 



sup E e^lfe.ef/} 



K E — 1 



< SU P E e- eQh ^(l{T x = T k } + l{T x e(T k _ u T k )})l{0 Tx ^ x (U)) 

k=1 x&D Se 



+ J2 SU P E \e- eQher *l{T x € (r fc _i,T fc ]} 



= : S 1 + S 2 + S 3 . 
First we treat the easiest sum. 

1) Estimate of S3: Due to T k = t\ + ■ ■ ■ + r k and the independence and stationarity of (r^) we 
obtain 



00 00 1 00 

k=K e k=K E V Pe ' k=K e 



fcln(l-^S-) 



There is £0 € (0, 1) such that e £ (0, £0] 

00 



-fc2 



o ^Qfee ^ r, gQfe E ^ "3"' 



1 - e ft* 



2) Estimate of Si: We continue 

Si < J] sup E e-^^l^ = T k }l{0 Tkfl AU)) 



k=l xeDs c 



< £ sup E 

k=l XeD Se 



fc-1 



Qe-^l(A i ,T i _ 1 ^ T4 _ 1 ,Jl(^ )31b _ 1 ^_ 1 ,Jl(0 7fc)31b _ 1 ^_ 1 ,.(?7)) 



,t=i 



Exploiting the same reasoning as in inequality (|28|) with the strong Markov property of X s for the 
jump times (T k ) k ^.\ instead of Markov property at deterministic times kT, and the independence 
and stationarity of the increments we estimate the k-th summand of Si by 



sup E 



fc-1 



i=l 



^ sup E 



-eQheT! ■ 



E 



l(A Jlj0 , !B )l{^T lja! € D Se } + l{V Tl , x i D St }j 

fc-i 



i=2 



^ sup E 

xeD Se 



-0Qh e T 



1(4,) 



18 



sup E 



k-2 



\[e-^ h ^{A n>Ti _ uXTi _Je-^ h ^^ 



■i=i 



+ sup F(V Tl , x i D Se ) 
where we use the abreviation 



(31) 



A x — Atx,q,x 
B x = BT lt o,x 
O u x =0 TlAx (U). 



The recursion from k — 1 to 1 leads to 
-ifc-i 



sup E 



i=l 



< { sup E 



-0Qh E T 



k-1 



sup E 



e -^ T l(^)l(0^)) 



fc-2 . 

+ sup ¥(y Tl , x <tD Se )J2( SU P E 

3:6% j =0 \xeD SE 



-8Qh E T 



1(A X ) 



(32) 



In the same way we estimate the fc-th summand of S2 for k ^ 1. 
■ ifc-i 



sup E 



I e-^l^^x^^Je- ^- 1 ^^ o ^(x) G D| e n U for some t € (0,7*)})] 



< { sup E 

,xeD s , 



-9Qh E T 



HA X ) 



k-1 



sup E 

x£D Se 



e -BQh.T 1 ^e G £> n [/ for some t G (0,Ti)}) 



fc-2 



+ sup P(%,*£D*,)X)( sup E 



3=0 



-8Qh E T 



We show now that the first sum can be estimated by 1/(1 + 6), the Laplace transform of EXP(l) 
evaluated at 6, plus a small error and that both additional sums tend to zero if e does so. 
Starting with the first factor of the main sum we obtain 



sup E 

y^ D s E 



-8Qh E T 



< sup E 

v&d Se 



e -e Q h E T {l _ 1{ y Ty + G (y T ^eW) G D c }) 



Proposition 13.11 and the independence of W from T and V ensure the existence Eq G (0, 1) such 
that for e G (0, £q] 



sup E 



e -8Qh E T 1{Ay) 
Since by definition 



0Qh £ + p E 



l-(l-C) j F(v + G(v,eW) G D c )P(dv)^j 



v + G(v,eW) £D C ) = ^-v(-E D \v)) 

HE ^ £ 
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A is compact and the distance d(A, dD) > 0, the regular variation of v implies the existence of a 
constant Eq G (0, 1) such that 



sup 

veA 



>(y + G(v,eW) € £> c ) 



y{E D \ v )) 



<C, for all e G (0, £q\. 



Hence there is Eq G (0, 1) such for e 6 (0, £o] 



sup E 



-9Qh e T 



Pe 



9Qh £ + p £ 

Pe 

0Qh e + f3 £ 



l-(l-C) 2 ^ / M P(A 

Pe J .4 



1 - (1 - C) 



2 Qh £ 



Pe 



(33) 



The second factor of the main sum can be treated analogously and we obtain for sufficiently 
small £q G (0, 1) that 



sup E 



e- eQh ° T l(By)l(OU)] < (1 + C) 



2 ^ Q(u n D c )h £ 
6Qh £ + p e p £ 



(34) 



for e G (0, £o], where 



g( J D c nc/)= / n(E DCnu {u)) P{du). 

J A 



For the remainder sum we exploit Corollary 13.21 which yields a constant C > and £q G (0, 1) 
such that for e G (0, £q] 



sup P(Tj, G (0,T)) < 



and obtain 



fc e -i k-2 



sup P(F Tl ,x ^AJ^E sup E 



xeD s 



fc=i j=0 
C'e 



-0Qh e T 



EE 

fc=i j=o 



9Qh £ + p e 



l-(l-C) 



Let us call 



Then 



Pe 



9Qh £ + & 



i - (i - o 



2 Qh £ 



Pe 



k,-l k-2 



sup W(V TuX tD Ss )Y,Y,[ SU P E 



x£D s 



k=l j=0 



-9Qh E T 



(PeSe 



k=0 
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^ C'e-K 1 k C 

* (Me) 2 1 " ? e ^ 3 ■ (35) 

Eventually inequalities ([33]) . (|34|) and (|35l) combined imply the existence of eo G (0, 1) such that 

+ ^7T^ £ ^ I wTh£ I 1 ~ X (1 " ^ J J + 3 



for e G (0, eo]. 



3) Estimate of £2! For = 1 we exploit Corollary 13.5} which yields a constant C" > and 
Eo G (0, 1) such that for e € (0, eo] 

sup ¥({T y G (0,T)} n Ot^o,^)) < SU P F (t 6 M : i D Se n 17) 



3 i'i 1 /^<\2\ Pe Qh £ 



9Qh £ + p £ & 



The last estimate follows by the algebraic choice of S e . and eventually with the help of estimate 
(1351) of the remainder sum 



s^cr-, + |(_A_( 1 _ (l _ c) .a t )) M + | 



Conclusion: We infer that there is a sufficiently small constant eq G (0, 1) such that for e G (0, eo] 



sup E 



< Si + S 2 + 5; 



00 / o /ail \ \ k-1 

3 



< n 1 n 3 ^ £ Q(D c nu)h E f,( Pe ( QK 
~- K > 9Qh £ + p £ p £ Z^\eQh e + p £ \ p e { 

(i + c) 



x3 & Q(D C n u)h £ 

9Qh £ + f3 £ & | c 

At A Q^e /, ^3" 



1_ U^+& l 1_ ^r (1 " c) 

(i + c) 3 Q(z>«nco +C7 _ 



# + (l-C) 3 Q 

By an appropriate renaming of the constant C we close the proof. ■ 
4.2 The lower bound 

Proposition 4.2 Let the assumptions of Proposition fl^.i| ) be satisfied. Then for all 9 > 0, U G 
*B(lR d ) satisfying jl30\} and C G (0, 1) there is eq G (0, 1) such that for e G (0, eo] the first exit time 



21 



Ty = T y (e) satisfies 



inf E 

y£D Ss 



-6Q(D c )h e T y 



l{X^ yiy G U} 



Q{D C n U) l-C 

q{d c ) i + e + c 



Proof: We keep the notation introduced in the proof of Proposition 14. 1[ We define the following 
events for y G D$ e and t, s ^ by 

At, s ,y = {Xr,- o 9 s (y) G D for all r G [0,t) and o a (y) G D, e } 
and the abbreviation 

The identical strong Markov property estimates from below (|31 1) and f|32|) as in the proof of Propo- 
sition 14.11 only with inverted inequalities and neglecting all the nonnegative error terms yields 



inf E [e-Wn{Xf e U} 
y&D 6 L S " M 



fc=l 



^ V inf E 



-eQh £ T 



HA: 



k-l 



inf E 



Proposition 13.11 yields a constant Eq G (0, 1) such that for e G (0, Eq] 



inf E 



e ~0QheT 1{A - 



_^_ (1 _ (1+ Cff( „ 



and 



inf E 



-BQh e T, 



l(B y )l{D u v ) >{l-Cf 



Pe 



h. 



6Qh £ + p E ft 

This eventually implies a constant eq G (0, 1) such that for e G (0,£o] follows 

- &Qh * T *i{x TxjX eU} 

Pe h 

k=l 



Q(D C DU). 



inf E 



9Qh £ + ft E ft 
Q(UHD C ) (l-C) 2 



Q(unD c ) 



9Qh £ + ft e j3 £ 



k-l 



Q{D C ) 6 + {l + C) 2 ' 

An appropriate renaming of the constant C finishes the proof. ■ 

Proof: (Theorem 12. 1|) For p G (0, |) we define p £ = E~ p and verify condition (|16|) for p = 4 and 
(|24p for the choice of p e and 5 e . 



f(P+l)/2 



.l-p-5/2 



— > 0, as £ ->■ + 



Since for small e the intensity /3 £ « e E ap i(jp)p{B\ (0)) is asymptotically dominated by a polynomial 
order just as 5 £ , the reasoning is reduced to the fact that the exponential convergence of e _<5e 
dominates (5 £ j3 £ )~ 2 in the limit as e — > 0+. This implies relation (|24|) . Therefore the upper bound 
by Proposition 14.11 and the lower bound by Proposition 14.21 are satisfied, which yields the desired 
result. ■ 
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